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Abstract
In this paper we first show that some families of fibers of certain fibrations are neither R2 nor Tg-CS∞-critical and then, in the
last section, we show that the finite families of disjoint generalized Hawaiian earrings are neither R2 nor Tg-CS∞-critical.
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1. Introduction
It is an elementary fact that critical sets of smooth mappings are closed, the closeness being the only property
which ensures the existence of a smooth function f : R → R having a prescribed critical set. This is not generally
the case, there existing closed subsets of higher dimensional manifolds which are not critical sets for any smooth
real valued function. Consequently we call critical a closed subset C of a smooth manifold M for which there is a
real valued function f on M whose critical set is exactly C. Going further, we can replace the real line, as target
manifold, by considering an arbitrary manifold N and calling N -critical a closed subset C of M which is the critical
set for some smooth mapping in C∞(M,N). This paper concerns the non-criticality of certain closed subsets of the
source manifolds. In this respect we first show that the set of critical values of a CS∞ mapping is the union of some
topological borders and secondly, we show that all families of fibers that are neither R nor S1-CS∞-critical, which we
proved in [8], are also neither R2 nor Tg-CS∞-critical. Finally in the last section we define the so-called generalized
Hawaiian earrings and prove, that their finite disjoint unions are neither R2 nor Tg-CS∞-critical.
2. The CS∞-non-criticality of certain families of fibers
Let M, N be smooth manifolds such that dimM  dimN and f :M → N be a smooth mapping. Denote by C(f )
its critical set and by R(f ) its set of regular points, while the set of its critical values f (C(f )) will be denoted
by B(f ). Because of the closeness of C(f ), it follows that both R(f ) = M\C(f ) and f (R(f )) are open. Indeed,
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368 C. Pintea / Topology and its Applications 154 (2007) 367–373f (R(f )) is open as the image of the restriction R(f ) → N,p → f (p), which is a submersion, taking into account
that the submersions are open maps.
Recall that a smooth mapping f ∈ C∞(M,N) separates the critical values by the regular ones if B(f ) ∩
f (R(f )) = ∅. Denote by CS∞(M,N) the set of all of these mappings. A closed subset C of M is said to be
CS∞(M,N)-(properly) critical, or N -CS∞-(properly) critical when the source manifold M is understood from con-
text, if C(f ) = C for some (proper) mapping f ∈ CS∞(M,N).
The set of regular values for a mapping f ∈ CS∞(M,N) is obviously f (R(f )).
Example 2.1. Let X be the subspace X = Rm × 0 ⊂ Rm+1 and Sm = {x ∈ Rm+1 | ‖x‖ = 1} the unit sphere. The
restriction f :Sm → X of the orthogonal projection pX : Rm+1 → X belongs to CS∞(Sm,X) with C(f ) = Sm ∩X.
Remark 2.2. If g ∈ CS∞(M,N) and g˜ ∈ C∞(M, N˜) is a lifting of g with respect to a certain covering mapping
N˜ → N , then g˜ ∈ CS∞(M, N˜). Consequently the C∞(M, N˜)-non-criticality of a closed subset of M implies its
CS∞(M,N)-non-criticality, whenever M is simply connected.
Remark 2.3. If n 4 and 2n− 4 k  n, then the closed countable subsets of Sn+k are not CS∞(Sn+k, Sn)-critical.
In other words, any mapping f ∈ CS∞(Sn+k, Sn) has uncountably many critical points.
Indeed, assuming that f ∈ CS∞(Sn+k, Sn) has at most countably many critical points, it follows that the restriction
Sn+k\C(f ) → Sn\B(f ), q → f (q) (1)
is a fibration with compact k-dimensional fiber F . Its homotopy sequence
· · · → πq+1
(
Sn\B(f ))→ πq(F ) → πq(Sn+k\C(f ))→ πq(Sn\B(f ))→ ·· ·
combined with Remark 3.3 ensures us that F is (n − 3)-connected it being particularly orientable, such that
Hk(F ) 
 Z. Further on, using the Serre homology sequence of fibration (1) we get
· · · → Hk+1
(
Sn\B(f ))→ Hk(F ) → Hk(Sn+k\C(f ))→ ·· · .
But Hk+1(Sn\B(f )) 
 0 
 Hk(Sn+k\C(f )), forcing Hk(F ) to be trivial, not as we have already seen before.
The next proposition can easily be proved and it actually appears in [8].
Proposition 2.4.
(i) f ∈ CS∞(M,N) iff C(f ) = f−1(B(f )).
(ii) If M is a connected smooth manifold and f ∈ CS∞(M,R) is such that R(f ) = M\C(f ) is also connected, then
f (R(f )) = (mf ,Mf ), where mf = infx∈M f (x),Mf = supx∈M f (x) and B(f ) ⊆ {mf ,Mf } ∩ R. Moreover, if
M is compact, then mf ,Mf ∈ R and B(f ) = {mf ,Mf }.
In the next proposition we prove that for Rn-valued mappings which separate the critical values by the regular ones,
something similar happens concerning their set of critical values. More precisely it is the union of certain topological
borders and, as we will see later, in the particular case of R2-valued, their set of regular values f (R(f )) is, under
some additional condition, contractible.
Proposition 2.5. If M is a compact smooth manifold such that dimM  n and f ∈ CS∞(M,Rn), then B(f ) =
∂(f (R(f ))) ∪ ∂Imf .
Proof. The inclusion ∂Imf ⊆ B(f ) is valid for any smooth mapping from M to Rn [6, Theorem 1.1]. Let q ∈
∂(f (R(f ))) and (pn)n1 ⊆ R(f ) such that f (pn) → q . Since M is compact the sequence (pn)n1 has a convergent
subsequence, so we may assume that limn→∞ pn = x0. It follows that q = f (x0) ∈ ∂(f (R(f ))). Since f (R(f ))
is open, we see q /∈ f (R(f )) and hence q ∈ B(f ). This proves ∂(f (R(f ))) ⊆ B(f ) and we obtain ∂(f (R(f ))) ∪
∂Imf ⊆ B(f ).
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if q /∈ f (R(f )), then q ∈ B(f ). As q ∈ int(Imf ) and B(f ) has measure zero, there exists a sequence (qn)n1 in
f (R(f )) which converges to q . This shows q ∈ f (R(f )).
Take an arbitrary point q ∈ B(f ), recall that B(f ) ⊆ Imf and assume q /∈ ∂(f (R(f ))). Then either q /∈ f (R(f ))
or q ∈ intf (R(f )). The latter does not occur since intf (R(f )) = f (R(f )) ⊂ N\B(f ) (recall f (R(f )) is open).
This implies q /∈ f (R(f )) and hence q /∈ int(Imf ). One deduces from this that q ∈ Imf \ int(Imf ) = ∂(Imf ). This
proves the desired inclusion. 
Remark 2.6. The converse of Proposition 2.5 is also true.
Indeed, if f ∈ C∞(M,Rn) is such that B(f ) = ∂(f (R(f ))) ∪ ∂Imf , then we have successively:
B(f )∩ f (R(f ))= [∂(f (R(f )))∪ ∂Imf ]∩ f (R(f ))
= [∂(f (R(f )))∩ f (R(f ))]∪ [∂Imf ∩ f (R(f ))]
= ∅ ∪ [∂Imf ∩ f (R(f ))]
= ∂Imf ∩ f (R(f ))
⊆ ∂Imf ∩ int(Imf )
= ∅.
Corollary 2.7. Let M be a compact smooth manifold such that dimM  n and f ∈ CS∞(M,Rn). If f is such that
intC(f )) = ∅, for instance when C(f ) is of the first Baire category, then B(f ) = ∂(f (R(f ))).
Proof. According to Proposition 2.5 we just need to prove that ∂Imf ⊆ ∂(f (R(f ))). Let q ∈ ∂Imf . Since q /∈
f (R(f )) as f (R(f )) is open, we only have to prove q ∈ f (R(f )). Since q ∈ B(f ) [6, Theorem 1.1], there exists a
point p ∈ C(f ) such that q = f (p). Noticing that C(f ) has the empty topological interior, there exists a sequence
(pn)n1 in R(f ) such that pn → p. It follows immediately from this that q = f (p) ∈ f (R(f )). 
Remark 2.8. If G is an open connected subset of the plane R2, then the fundamental group of G is trivial or infinite.
If G is simply connected, then it is conformally equivalent to the unit open disk, by the Riemann mapping theorem.
Indeed, by combining Theorems 2.5.20, 3.3.2 and Corollary 3.3.4 of [10], it follows immediately that π1(G) is
torsion free, and consequently is either trivial or infinite.
Proposition 2.9. If M is a compact smooth manifold such that dimM  2 and f ∈ CS∞(M,R2) is such that R(f ) =
M\C(f ) = ∅ is connected and simply connected, then f (R(f )) is a bounded, connected, simply connected and open
subset of R2.
Proof. Because M is compact and R(f ) is connected, it follows immediately that f (R(f )) is bounded and connected
since f (R(f )) ⊆ f (M) and f (M) is a compact subset of R2. On the other hand, f (R(f )) is obviously open and the
restriction R(f ) → f (R(f )), p → f (p), is a proper submersion which ensures by Ehresmann’s theorem, that it is a
smooth fibration with compact fiber. Its fiber has consequently a finite number of connected components. The number
of components equals to the order of π1(f (R(f ))) [9, p. 105]. Namely π1(f (R(f ))) is finite. Therefore, applying
Remark 2.8, one can conclude that f (R(f )) is simply connected. Notice that it is conformally equivalent to the unit
open disk by Remark 2.8. 
Theorem 2.10. Let Mm+1 be a connected smooth manifold and let K ⊆ M a closed subset of M such that M\K is
connected.
(1) If Hi(M\K) is not finitely generated for some i ∈ {1, . . . ,m}, then K is neither CS∞(M,R)-properly critical nor
CS∞(M,R2)-properly critical.
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CS∞(M,Tg)-properly critical.
If we additionally assume that the manifold is compact, then the word “properly” can be obviously removed.
Proof. (1) Assuming that K is CS∞(M,Rk)-properly critical k ∈ {1,2}, consider a proper mapping f ∈ CS∞(M,Rk)
such that C(f ) = K . It follows that its restriction M\C(f ) → f (R(f )), p → f (p), is a proper submersion, which
is a locally trivial fibration, by Ehresmann’s theorem. Denote by F the compact fiber of this fibration. Its base space
f (R(f )) is an open interval if k = 1 (Proposition 2.4) and is homeomorphic to an open disk if k = 2 (Proposition 2.8)
which is contractible in both cases. Hence the inclusion iF :F ↪→ M\C(f ) is a weak homotopy equivalence. By the
Whitehead theorem, the induced homomorphisms H∗(iF ) :H∗(F ) → H∗(M\C(f )) are all isomorphisms. In particu-
lar, we obtain that Hi(F ) ∼= Hi(M\C(f )) ∼= Hi(M\K) is not finitely generated, which contradicts the fact that Hi(F )
is finitely generated as homology group of a compact manifold. Note that the coefficients of the involved homology
groups are arbitrary.
(2) The CS∞(M,Tg)-non-criticality of K as well as its CS∞(M,S1)-non-criticality follows now by using Re-
mark 2.2. 
The following simple remark will be repeatedly used from now on.
Remark 2.11. Consider the following exact sequence of Abelian groups
A → B → C.
If A and C are finitely generated, then so is B .
Corollary 2.12 and Example 2.13 are the plane and Tg counterparts of the earlier results [8, Theorem 3.1] and [8,
Corollary 3.2], respectively.
Corollary 2.12. Let F ↪→ E p−→ Mn be a differential fibration with compact simply connected total space, and A be
a closed countable subset of M .
(1) If n  3, g  1, M is a homotopy sphere, H1(F ) 
 0 and E is simply connected, then p−1(A) is neither
CS∞(E,R2)-critical nor CS∞(E,Tg)-critical.
(2) Assume that n  3, Hn−1(M) 
 0, πn−2(F ) is finitely generated and commutative when n = 3 and that the
Hurewicz homomorphisms hEq :πq(E) → Hq(E) are isomorphisms for q ∈ {n − 1, n}. Then p−1(A) is neither
CS∞(E,R2)-critical nor CS∞(E,Tg)-critical.
Proof. (1) The Serre exact homology sequence of the differential fibration F ↪→ E\p−1(A) p−→ M\A is:
· · · → Hn−1(F ) → Hn−1
(
E\p−1(A))→ Hn−1(M\A) → Hn−2(F ) → ·· · ,
in which Hn−2(F ) is finitely generated, the fiber F being compact. Because the homology group Hn−1(M\A) is,
according to [8, Corollary 2.2], not finitely generated, it follows that Hn−1(E\p−1(A)) is not finitely generated either.
(2) The exact homotopy sequence of the fibration F ↪→ E\p−1(A) p−→ M\A is:
· · · → πn−1(F ) → πn−1
(
E\p−1(A))→ πn−1(M\A) → πn−2(F ) → ·· · .
Because πn−2(F ) is a finitely generated group and πn−1(M\A) is, according to [8, Remark 2.6], not finitely generated,
it follows that πn−1(E\p−1(A)) is not finitely generated either. On the other hand, the conditions on hEq of being iso-
morphisms for q ∈ {n−1, n} ensures, by [8, Corollary 2.5] that the group homomorphism hn−1 :πn−1(E\p−1(A)) →
Hn−1(E\p−1(A)) is an isomorphism, so Hn−1(E\p−1(A)) is not finitely generated either. 
Examples 2.13. Let F ↪→ E p−→ M by one of the following fibrations
(1) Spin(n) ↪→ Spin(n + 1) → Sn, n 3;
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(3) Sp(n) ↪→ Sp(n + 1) → S4n+3, n 1;
(4) S3 ↪→ S4n+3 → PHn, n 1;
(5) S1 ↪→ S2n+1 → PCn, n 2.
If A is a closed countable subset of the base space, then p−1(A) is neither CS∞(E,R2)-critical nor CS∞(E,Tg)-
critical for any g  1.
Indeed, (1), (2) and (3) follow immediately from Corollary 2.12(1), taking into account that Sk is (k − 1)-
connected, Spin(n), U(n), Sp(n) are compact and Hi(Spin(n)), Hi(SU(n)), Hi(Sp(n)), for i ∈ {1,2}, are trivial
because πi(Spin(n)), πi(SU(n)), πi(Sp(n)), for i ∈ {1,2}, are trivial [1, p. 368], [2, p. 224].
(4) and (5) follow from Corollary 2.12(2) since H4n−1(PHn) 
 0 
 H2n−1(PCn) and π2n−2(S1), π4n−2(S3)
are finitely generated, π2n−2(S1) being actually trivial for n  2, and π4n−2(S3) is even finite [3, p. 318]. Fi-
nally the natural group homomorphisms hS4n+34n−1 , h
S4n+3
4n , h
S2n+1
2n−1 , and h
S2n+1
2n are obviously isomorphisms, because
πq(S
4n+3), Hq(S4n+3), q ∈ {4n− 1,4n}, and πr(S2n+1), Hr(S2n+1), r ∈ {2n− 1,2n}, are trivial.
3. The non-criticality of the generalized Hawaiian earrings
In this section we show that if a submanifold of a manifold has countably many components, then its comple-
ment has a non-finitely generated homology group in a certain dimension. We then apply the result to prove that the
complement of a generalized Hawaiian earring has at least one non-finitely generated homology group.
Throughout this section, a closed submanifold N of a manifold M means a submanifold which is a closed subset
of M . If N is not connected, then one defines its dimension as dimN := max{dimC | C is a component of N}.
Theorem 3.1. [7] Let Mm+1 be a connected smooth manifold and N be a closed submanifold of M with n := dimN 
m − 1. Then M\N is also connected and πq(M,M\N) = 0 for each q = 1, . . . ,m − n. In particular, the inclusion
iM\N :M\N ↪→ M induces isomorphisms πq(iM\N) :πq(M\N) ↪→ πq(M) for q m − n − 1 and an epimorphism
for q = m− n.
Corollary 3.2. Let Mm+1 be a connected smooth manifold and A ⊆ M be a closed discrete subset of M . Then M\A is
also connected and πq(M,M\N) = 0 for each q = 1, . . . ,m. In particular, the inclusion iM\A :M\A ↪→ M induces
isomorphisms πq(iM\A) :πq(M\A) ↪→ πq(M) for q m− 1 and an epimorphism for q = m− 1.
Remark 3.3. The conclusion of Corollary 3.2 is still true if we assume that the subset A ⊆ M is closed countable
instead of being just closed and discrete [7,8].
Proposition 3.4. Let Mm+1 be a connected smooth manifold and N be a closed submanifold of M with dimN m−1.
Let {Nk}k1 be the sequence of components of N . For i = 0, . . . ,m − 1, let Ji = {j | dimNj = i}. If Ji is infinite for
some i and Hm−i+1(M;Z2) is finitely generated, then Hm−i (M\N;Z2) is not finitely generated.
Proof. Using the duality theorem [9, Theorem 6.9.10], Poincaré duality and the cohomology sequence, with compact
supports, of the pair (M,
⋃
j1 Nj), we have:
Hm−i+1(M;Z2) Hm−i (M\⋃j1 Nj ;Z2)
| |
· · · → Hic (M;Z2) → Hic (
⋃
j1 Nj ;Z2) → Hi+1c (M,
⋃
j1 Nj ;Z2) → ·· ·
Concerning the middle group in the above sequence, we have successively
Hic
(⋃
j1
Nj ;Z2
)


⊕
j1
Hic (Nj ;Z2)


⊕
Hic (Nj ;Z2)⊕
⊕
Hic (Nj ;Z2) 
 Z(Ji )2 ⊕
⊕
Hic (Nj ;Z2).
j∈Ji j /∈Ji j /∈Ji
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groups is not finitely generated since Ji is infinite. Since Hic (M;Z2) is finitely generated and Hic (
⋃
j1 Nj ;Z2) is
not finitely generated, it follows, from Remark 2.11 that Hm−i (M\⋃j1 Nj ;Z2) = Hm−i (M\N;Z2) is not finitely
generated either. 
Definition 3.5. Let Si be a sequence of closed connected smooth submanifolds of RN such that there exists a point
p ∈ RN with the property Si ∩ Sj = ∅ for i = j and limi→∞ diamSi = 0. The union ⋃i1 Si defines a general-
ized Hawaiian earring of ear point p. For a smooth manifold Mm, the image HE of a topological embedding
f :
⋃
i1 Si → M is called a differential generalized Hawaiian earring of ear-point q = f (p), if each restriction
f |Si :Si → M is a smooth embedding. Let us also consider D(HE) = maxi1 dimSi and d(HE) = mini1 dimSi .
Observe that any generalized Hawaiian earring is a closed subset of RN and any differential generalized Hawaiian
earring is a closed subset of Mm. For some particular Hawaiian earrings we refer to [4] and [5].
Proposition 3.6. Let Mm+1 be a connected smooth manifold and HE ⊆ M be a differential generalized Hawaiian ear-
ring with 1 d(HE),D(HE)m− 1. If Hj(M;Z2) is finitely generated for any m−D(HE) j m− d(HE)+ 1,
then there exists i ∈ {1, . . . ,m− 1} such that Hm−i (M\HE) is not finitely generated.
Proof. If q is the ear-point of HE, considering the homology sequence of the pair (M,M\{q}), we have an exact
sequence
→ Hr(M;Z2) → Hr
(
M,M\{q};Z2
)→ Hr−1(M\{q};Z2)→ Hr−1(M;Z2) → .
By using the exact sequence
0 → Hr
(
M,M\{q})⊗ Z2 → Hr(M,M\{q};Z2)→ Tor(Hr−1(M,M\{q});Z2)→ 0,
provided by the universal coefficient theorem and taking into account that Hr(M,M\{q}) ∼= 0 ∼= Hr−1(M,M\{q})
for 1 r m, one can conclude that
Hr
(
M,M\{q};Z2
)∼= 0
for all 1  r  m. The isomorphisms Hr(M,M\{q}) ∼= 0 ∼= Hr−1(M,M\{q}) follow from Theorem 3.1, by
using the relative Hurewicz theorem. Furthermore, by excising a suitable open subset of M\{q} one can get
Hm+1(M,M\{q}) ∼= Z2, such that Hm(M\{q};Z2) is finitely generated if Hm(M;Z2) itself is finitely generated.
Consequently the homology groups Hr(M\{q};Z2) are finitely generated for m−D(HE) r m− d(HE)+ 1.
Let us consider i ∈ {1, . . . ,m − 1} such that Ji := {j  1 | dimSj = i} is infinite. Using Proposition 3.4, it follows
that
Hm−i (M\HE;Z2) = Hm−i
((
M\{q})\(HE\{q});Z2)
is not finitely generated. 
The proof of the next theorem follows by combining Theorems 2.10, 3.1 and Proposition 3.6.
Theorem 3.7. Let Mm+1 be a connected smooth manifold and let HE ⊆ M be a differential generalized Hawaiian
earring such that the inequalities 1 d(HE),D(HE)m− 1 hold.
(1) If Hj(M;Z2) is finitely generated for m − D(HE) j m − d(HE) + 1, then HE is not CS∞(M,R2)-properly
critical.
(2) If moreover M is simply connected and D(HE)  m − 2, then HE is neither CS∞(M,S1)-critical nor
CS∞(M,Tg)-properly critical.
If we additionally assume that the manifold is compact, then the word “properly” can be obviously removed.
Corollary 3.8. Let Mm+1 be a compact connected simply connected smooth manifold and let HE1, . . . ,HEl ⊂ M be
differential generalized Hawaiian earrings.
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critical.
(2) If moreover D m−2, then the union HE1 ∪· · ·∪HEl is neither CS∞(M,S1)-critical nor CS∞(M,Tg)-critical.
Proof. (1) It is enough to prove the statement for l = 2. Assume that HE1 ∪ HE2 = C(f ) for some function
f ∈ CS∞(M,R2) for example. This means that HE2 = C(f |M\HE1), a fact that contradicts Theorem 3.7(1) in case
Hj(M\HE1) is finitely generated for all m − D(HE2) j m − d(HE2) + 1 and contradicts Theorem 2.10 in case
Hj(M\HE1) is not finitely generated for some m−D(HE2) j m− d(HE2)+ 1.
Part (2) of above theorem can be proved in a similar way with part (1). 
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